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A rigorous analytical approach is applied to solve the
eigenvalue problem for a pair of circular dielectric
cylinders with complex permittivity. This approach
relies on field expansion in terms of two sets of or-
thogonal azimuthal modes, which are coupled due to
finite distance between the cylinders. We investigate
the ability of a gain-dielectric cylinder operated in the
fundamental TM mode to compensate material losses
of a larger cylinder operated in the higher-order radial
TM mode. To achieve such a loss compensation phe-
nomenon, a simple design strategy is developed. It is
shown that this phenomenon can be achieved for a cer-
tain distance between the cylinders, which is associated
with the exceptional point of the system. For smaller
distances, the adverse impact of high-order azimuthal
(hybrid) modes are found to be essential. The results
obtained are validated against full-wave simulations.
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Active nanophotonics is multidisciplinary research at a meet-
ing ground of applied physics, optics, material science, and
engineering [1]. It combines the latest advances in nanotechnol-
ogy with gain materials and appears as a platform for the optical
implementation of various concepts in non-Hermitian physics,
including parity-time symmetric (PT -symmetric) systems and
exceptional points (EPs) [2–5]. In optics, PT -symmetry corre-
sponds to balanced gain and loss distribution over the system.
Such a gain-loss balance gives rise to EPs which are spectral
singularities with coalesced eigenvalues and eigenvectors of
the operator on the state space of the system [6, 7]. EPs are
subject of much current interest owing to their unusual prop-
erties, which enable intriguing phenomena and applications in
non-Hermitian photonic systems. In particular, EPs are used
as building blocks for designing polarizers [8], coherent perfect
absorbers and lasers [9, 10], sensors [11, 12] and laser gyroscopes
[13, 14] with enhanced sensitivity, slow-light structures [15], and
others.
Among different systems, optical directional couplers are
most probably the simplest devices capable of exhibiting PT -
symmetry [16, 17]. They are in the form of two coupled waveg-
uides with balanced gain and loss. When these two waveguides
are weakly coupled, and the gain and loss are small enough
to behave like perturbations, the approximate coupled mode
theory can be applied to describe interactions of the waveguide
modes [18]. This theory can also be extended to weakly nonlin-
ear optical couplers with balanced gain and loss [19–21].
Despite the benefits from the PT -symmetrical directional
couplers, their realization in nanophotonics is subject to strict
design constraints on the waveguide parameters. To implement
a more flexible design solution, dissimilar waveguide couplers
can be used [22]. In such a device, the geometrical or material
parameters of the waveguides forming the coupler are different.
Although in dissimilar couplers the gain and loss distribution
does not fulfill the PT -symmetry conditions, they can support
modes with real propagation constants and provide stable mode
propagation and energy conservation, when the gain and loss
characteristics in use are properly selected. Another feature,
which distinguishes the dissimilar couplers from conventional
PT -symmetrical ones, is the ability to achieve a real propagation
constant for only the desired mode of the coupler by selecting a
unique pair of gain and loss values. Below these values, the de-
sired mode has a negligible attenuation. For gain and loss above
these values, this mode experiences gain properties, similar to
those inherent in the PT -symmetric systems. In the nonlinear
regime, the dissimilar couplers acquire bi- and multistability
states making the device more versatile for use in all-optical
signal processing, ultrafast switching, and memory applications
[23–25]. It should be noted that, for the dissimilar waveguide
couplers, the weakly coupled theory may be inadequate and
a more rigorous analysis of dielectric waveguide structures is
required [26].
Dissimilar waveguide couplers belong to a general class of
non-PT -symmetric structures with unbalanced gain and loss
[27–31]. Their properties can be explained by the fact that EPs
can exist in a large family of non-Hermitian systems, which do
not necessarily satisfy the PT -symmetry condition. In particu-
lar, the underlying formation mechanism of the EPs in dissimilar
ar
X
iv
:2
00
6.
16
78
8v
1 
 [p
hy
sic
s.o
pti
cs
]  
30
 Ju
n 2
02
0
Letter Optics Letters 2
ϕ
ϕ
r r
P
R R
Region  1 Region  2
Region  3
(ε  , μ  )
(ε  , μ  )(ε  , μ  )
1
1 1
1
2
2
2 00
2
3 0
h
Fig. 1. A pair of dielectric cylinders immersed in an infinite
medium.
couplers is associated with the interaction between distinct prop-
agating modes supported by the waveguides. Among possible
propagation conditions for these modes, there is a regime, in
which losses presented in one part of the system are totally com-
pensated by gain introduced in another part. Such a regime can
be referred to as loss compensation symmetry (LC-symmetry)
[32]. The determination of loss compensation conditions is es-
sential for nanophotonics and metamaterial research [1, 33].
In this Letter, we apply a rigorous theoretical approach
to study dissimilar waveguide coupler operating in the LC-
symmetric multi-mode conditions. The approach is based on
the mode-matching technique and expansion of the waveguide
fields in terms of cylindrical harmonics [34, 35]. Such an ap-
proach does not suffer from the restrictions on the gain, loss, and
mode coupling in the system, and can be extended to couplers
with time-varying medium [36]. We show that the EP appears
under the crossing condition for the dispersion characteristics of
two coupled modes with different order and the same type, and
manifests itself in full loss compensation in the coupler. Under
this condition, coupled modes somewhat resemble those of the
PT -symmetric systems.
Consider a pair of nonoverlapping dielectric cylinders of the
radii R1 and R2 (Fig. 1). Our prime interest is in the eigenfre-
quencies and eigenfields of the coupled cylinders immersed in
an infinite medium. To solve the eigenvalue problem of inter-
est, we consider three regions, each having the permeability µ0.
Regions 1 and 2 are the transverse cross-sections of the first
and second cylinder with the permittivity ε1 and ε2, respectively.
The ambient space presents Region 3 having the permittiv-
ity ε3. For definiteness, in the following, we assume that the
constitutive parameters under consideration satisfy the follow-
ing conditions: Im(ε1) < 0 (gain material), Im(ε2) > 0 (lossy
material), ε3 ∈ <, Re(ε1) > ε3 and Re(ε2) > ε3.
Let us introduce two polar coordinate systems (r1, φ1) and
(r2, φ2) related to both cylinders and write the following solu-
tions of the eigenvalue problem for Region 1
E1z =
N
∑
n=−N
A1n Jn(kp,1r1)e
inφ1 , H1z =
N
∑
n=−N
B1n Jn(kp,1r1)e
inφ1 ,
(1)
Region 2
E2z =
N
∑
n=−N
A2n Jn(kp,2r2)e
inφ2 , H2z =
N
∑
n=−N
B2n Jn(kp,2r2)e
inφ2 ,
(2)
and Region 3
E3z =
N
∑
n=−N
C1nH
(1,2)
n (kp,3r1)einφ1 +
N
∑
n=−N
C2nH
(1,2)
n (kp,3r2)einφ2 ,
H3z =
N
∑
n=−N
D1nH
(1,2)
n (kp,3r1)einφ1 +
N
∑
n=−N
D2nH
(1,2)
n (kp,3r2)einφ2 .
(3)
where {A1n, A2n, B1n, B2n,C1n,C2n,D1n,D2n} are the unknown am-
plitudes of azimuthal harmonics, k2p,i = k
2
i − k2z , ki = k0εri
(i = 1, 2, 3), εri = εi/ε0 is the relative permittivity, k
2
0 = ω
2ε0µ0,
Jn(·) is the Bessel function, H(1)n (·) and H(2)n (·) are the Hankel
functions of the first and second kind, respectively, field factor of
the form exp [−i(ωt− kzz)] is assumed and omitted. Note that
the transverse field components (Er, Hr, Eφ, Hφ) in all regions
can be readily expressed in terms of axial components Eqs. (1)-(3)
from the Maxwell equations.
In Region 3 , all field components must decay with a distance
from the cylinders and satisfy the radiation boundary condition
at infinity. Since the transverse wavenumber kp,3 has generally
a complex value for cylinders with gain and loss, one needs to
take care of proper kind of the Hankel function in Eq. (3) to fulfill
this condition. The Hankel function of the first and second kind
must be used, if Im(kp,3) > 0 and Im(kp,3) < 0, respectively.
The fields Eqs. (1)-(3) are subject to the continuity conditions
at the interfaces between the regions 1 - 3 :
E1z (R1, φ1) = E
3
z (R1, φ1), H
1
z (R1, φ1) = H
3
z (R1, φ1),
E1φ(R1, φ1) = E
3
φ(R1, φ1), H
1
φ(R1, φ1) = H
3
φ(R1, φ1), (4)
E2z (R2, φ2) = E
3
z (R2, φ2), H
2
z (R2, φ2) = H
3
z (R2, φ2),
E2φ(R2, φ2) = E
3
φ(R2, φ2), H
2
φ(R2, φ2) = H
3
φ(R2, φ2).
To implement the conditions Eq. (4), one needs to express the
field of the ambient space (Region 3 ) in terms of the coordinates
(r1, φ1) or (r2, φ2). This can be done with the use of the Graf
addition theorem [37]:
Bn(r1)e±inφ1 =
N
∑
k=−N
Bn+k(h)Jk(r2)e
∓ikφ2 e±ikpi ,
Bn(r2)e±inφ2 =
N
∑
k=−N
Bn+k(h)Jk(r1)e
∓ikφ1 e±inpi ,
(5)
where Bn(·) is the n-th order cylindrical function and h is the
distance between the centers of two nonoverlapping cylinders
(Fig. 1).
Substituting the fields Eqs. (1)-(3) into Eq. (4), and using
Eq. (5) and orthogonal properties of the basis modes, one obtains
the system of equations for the unknown amplitudes of the
azimuthal harmonics. The system of equations has non-trivial
solutions, once its determinant is zero. This condition yields
the desired dispersion relation for a pair of dielectric cylinders
immersed in ambient space.
It is our prime concern to investigate the possibility of LC-
symmetry in unequally sized dielectric cylinder with gain and
loss. At a single frequency the cylinders are assumed to operate
in the TM0m-TM0n mode pair (n 6= m). The loss compensation
can be achieved for a certain distance between the cylinders.
Such a distance is known as a LC-symmetry threshold and sat-
isfies the following conditions [32]: Re(kz,0m) = Re(kz,0n) and
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Fig. 2. LC-symmetry threshold for the TM01 and TM02 modes
of coupled dielectric cylinders with the radii R1 = 10 [µm] and
R2 = 19 [µm], and the relative permittivity εr1 = 12(1− i1×
10−4) and εr2 = 12(1+ i0.776× 10−4).
Im(kz,0m) = Im(kz,0n) = 0. The first condition mainly deter-
mines the operating frequency. This frequency corresponds to
the intersection of the dispersion curves for the TM0m and TM0n
modes. To achieve such an intersection one may first neglect
gain, loss, and mode coupling (h = ∞), and change the dimen-
sions of either or both dielectric cylinders. For R1 = 10 [µm],
R2 = 19 [µm] and εr1 = εr2 = 12, εr3 = 1 such a design pro-
cedure yields the operating frequency f = 5.4961 [THz] for
the TM01-TM02 mode pair. At this frequency crossing or anti-
crossing of the dispersion curves are observed, depending on
the coupling between cylinders [38–40].
Next we take into account gain and loss properties of the di-
electric cylinders and vary the distance h between them. In this
case, the eigenvalues of TM0m and TM0n modes may coalesce
at a certain h and thus an EP arises [4, 7]. At the same time, to
achieve real-valued eigenvalues under the LC-symmetry thresh-
old one needs to keep the imaginary part of the permittivity εr1
and εr2 relatively small and to vary this part for either of two
cylinders. We set εr1 equal to 12(1− i1× 10−4). In this case, LC-
symmetry threshold of the TM01-TM02 mode pair is observed
for h = 67.8 [µm], εr2 = 12(1+ i0.776× 10−4), and kz = 0.1795
[rad/µm] (Fig. 2).
Above and below the threshold the dispersion curves of the
TM01 and TM02 modes exhibit crossing and anti-crossing behav-
ior, respectively (Fig. 3). In general, the gain and loss properties
of the cylinders have an additional effect on the operating fre-
quency. However, this effect is negligible for the low-loss and
low-gain dielectric cylinders under consideration [Fig. 3(a)].
Noteworthy also is that the LC-symmetry threshold depends
on the operating frequency. Calculations show that the closer
is the operating frequency to cutoff frequencies of the coupled
dielectric cylinders, the larger is the LC-symmetry threshold.
A loss compensation phenomenon for coupled dielectric
cylinders is impaired below the LC-symmetry threshold. The
reason is the high-order hybrid modes with azimuthal indices
n = ±1,±2,±3... . This can be seen from Fig. 4, which ad-
ditionally demonstrates rapid convergence of the developed
theoretical approach with the number M = 2N + 1 of basis
modes involved in the truncated sums of Eqs. (1)-(3). The results
obtained are supported by the full-wave simulations with the
COMSOL Multiphysics® software. Compared to these simula-
tions, our approach benefits much less computational time and
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Fig. 4. (a) Real and (b) imaginary parts of the axial wavenum-
ber for coupled TM01 and TM02 modes versus the distance h
between dielectric cylinders ( f = 5.4961 [THz]).
computer requirements for similar accuracy of numerical results.
For the operating frequency f = 5.4961 [THz], we addition-
ally plot the absolute value of the axial electric field in coupled
dielectric cylinders made of gain and lossy materials for several
values of the distance h (Fig. 5). It can be seen that the field
of each cylinder oscillates separately above the LC-symmetry
threshold [Figs. 5(a) and 5(b)]. At this threshold and below, the
eigenmodes are in the form of coupled modes of both cylinders
[Figs. 5(c) and 5(d)]). The effect of high-order axial harmonics
manifests itself in asymmetry of the field distribution of the cou-
pled modes [Figs. 5(e) and 5(f)]. This effect grows in importance
with the decrease in the distance h between dielectric cylinders
with gain and loss. The results obtained give a better insight
into mechanism of loss compensation in loss-gain systems and
can be extended to systems composed of many cylinders with
higher-order exceptional points. It is expected that these results
can facilitate further development of a new generation of active
nanodevices for lasing and optical sources.
To conclude, a rigorous analytical approach has been devel-
oped and applied to calculate the LC-symmetry threshold for
a pair of loss-gain dielectric cylinders operated in different TM
modes. It has been found that this threshold, which is also
known as EP, corresponds to full loss compensation in the cou-
Letter Optics Letters 4
(a) (b)
(c) (d)
(f)
x [μm]
y
 [
μ
m
]
y
 [
μ
m
]
y
 [
μ
m
]
(e)
x [μm]
Fig. 5. Distribution of |Ez| for the coupled TM01 and TM02
modes of a pair of dielectric cylinders which are disposed on a
distance (a) and (b) h = 80 [µm], (c) and (d) h = 67.5 [µm], and
(e) and (f) h = 50 [µm].
pled cylinders and can be achieved for a certain distance between
the cylinders, provided that their permittivity and dimensions
are properly selected. Above this threshold, the TM modes
of different cylinders are weakly coupled to each other, while
their dispersion curves exhibit crossing behavior. At the LC-
symmetry threshold, these modes coalesce into a single mode
with a real eigenvalue. It has been shown that this phenomenon
requires the coupled cylinders to have unequal loss and gain tan-
gents. It has been found that below the LC-symmetry threshold
the eigenmodes are coupled modes of both cylinders and feature
anti-crossing dispersion curves. These modes are hybrid due to
the contribution of higher azimuthal harmonics to eigenfields.
It has been shown that these harmonics deteriorate the loss com-
pensation phenomenon for small distances between coupled
cylinders and lead to the asymmetrical distribution of the eigen-
fields. The results obtained have been validated against the
full-wave simulations by the COMSOL Multiphysics® software.
We believe that the above-described phenomenon is of the
general nature and can be realized for LC-symmetric waveguide
systems operated in coupled modes of any (hybrid) type.
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